An analytical solution given by Bessel series to the transient and one-dimensional (1D) bioheat equation in a multilayer region with spatial dependent heat sources is derived. Multilayer regions with 1D Cartesian, cylindrical or spherical geometries and composed of different types of biological tissues characterised by temperature-invariant physiological parameters are considered. Boundary conditions of first, second and third kinds to the temperature at the inner and outer surfaces are also assumed. In this work, the bioheat transfer model is applied to obtain the temperature profiles in a tumor bed and a surrounding healthy tissue using two spatial dependent heat source terms to simulate a magnetic fluid hyperthermia technique in the cancer treatment. The influence of these two heat sources, described by polynomial and exponential functions, on temperature is investigated.
MAIN NOMENCLATURE AND UNITS
-tissue layer index; -mass density ( ); -specific heat capacity ( ); -thermal conductivity ( ); -mass density of blood ( ); -specific heat capacity of blood ( ); -blood perfusion ( ); -metabolic heat generation ( ); -internal heat generation ( ); -initial temperature ( );
-arterial blood temperature ( ); -temperature ( ); -spatial coordinate ( ); -time ( ).
Introduction
The heat transfer in living tissues, known as bioheat transfer, is a complex phenomenon which depends on the thermal constitutive parameters of the biological system, the governing thermodynamics and the thermal response to an external stimulus [1] .
Existing data on thermal analysis are limited to specific treatments and are not extensively available in the clinical field. An important reason is the usage of invasive techniques to measure temperature. This problem can be solved using recent techniques of magnetic resonance which allow one to obtain a non-invasive absolute temperature measurement [2] .
Several therapeutical applications based on the knowledge of bioheat transfer involve either raising or lowering temperature, namely, hyperthermia [3] and hypothermia [4] , respectively.
Hyperthermia (HT) technique is often applied in the cancer treatment and implemented using electromagnetic (EM) waves where the target tissues absorb the EM energy causing a temperature elevation [1] . To enhance heat generation, magnetic nanoparticles immersed in a fluid can be injected in the target tissue to absorb the EM energy which is released in the form of heat [5] . This technique is known as magnetic fluid hyperthermia (MFH). Other hyperthermia techniques involve high intensity ultrasound [6] as well as thermo-sensitive liposomes containing drugs [7] .
The main purpose of the heat produced by HT techniques is to obtain a tumor cell death. This can be probably achieved by protein denaturation, which is observed at temperatures higher than 42°C, approximately [8] . To obtain efficacious treatment outcome without damaging healthy tissues, a precise model of the spatial and time dependent temperature distribution is required.
In 1948, Pennes was the first one to propose an analytical bioheat transfer model validated experimentally with a heat loss term due to the blood perfusion [9] . This model also included the following main thermal mechanisms: thermal storage, heat conduction, heat generated by metabolism and heat produced in the tissue caused by external sources.
Other accurate bioheat transfer models have been suggested. However, the Pennes' model is the most widely used because of its simplicity and acceptable accuracy if no large vessels are nearby of the analyzed heat region [10] .
Solutions of the Pennes bioheat equation in regions with Cartesian, cylindrical and spherical geometries were obtained [5, [11] [12] [13] [14] [15] [16] . Durkee et al. deduced solutions to the transient 1D bioheat equation in a multilayer region with Cartesian, cylindrical and spherical geometries. A constant heat source term [13] as well as a transient one [14, 15] were considered. Continuity boundary conditions to the temperature and heat flow were imposed at the interfaces.
Moreover, Neumann and Robin boundary conditions at the inner and outer surfaces were assumed, respectively. Bagaria and Johnson [11] used the method of separation of variables to obtain a transient and 1D solution to estimate the temperature in two concentric spherical regions. They assumed that the tumor was located in the inner region containing magnetic nanoparticles only with a polynomial distribution. On the other hand, a source term described by an exponential function was validated experimentally in [17] .
The purpose of this work is to derive an analytical solution to the transient and one-dimensional Pennes bioheat equation in a multilayer region with generic spatial dependent heat sources. Multilayer regions with 1D Cartesian, cylindrical or spherical geometries are also considered. These regions are characterized by temperatureinvariant physiological parameters and composed of different types of biological tissues, e.g., fat, muscle and tumor. Here, the temperature at the inner and outer surfaces satisfies some equations with versatile parameters. This way, Dirichlet, Neumann and Robin boundary conditions can be obtained by an appropriate choice of these parameters.
Finally, this bioheat transfer model is applied to obtain the theoretical temperature profiles in the tumor bed and the surrounding healthy tissue using two spatial dependent heat source terms to simulate a magnetic fluid hyperthermia technique in the cancer treatment. The influence of these two heat sources, described by polynomial and exponential functions, on temperature is investigated.
Governing partial differential equations

Pennes bioheat transfer equation
The bioheat transfer equation in a multilayer region is given by
with , ( ) and and for problems with 1D Cartesian, cylindrical and spherical symmetric geometries, respectively.
In equation (2.1) the term ( ⁄ ) represents the heat accumulated in the tissue, characterizes the heat conduction and ( ) is the heat sink term due to the removal of heat by blood in the microvasculature. Moreover, and are the heat generated by the metabolism and external sources, respectively.
As example, a region with layers and a spherical symmetric geometry is presented in Figure 1 . These layers correspond to the biological tissues and can be equal to zero or to take into account, e.g., air or liquid body regions as well as catheters like those ones used in transurethral prostatic microwave thermotherapy [18] .
Boundary and initial conditions
Boundary conditions of first, second and third kinds to the temperature at the inner and outer surfaces are assumed (see (2.3) and (2.4)). Temperature and heat flow must satisfy continuity boundary conditions at the tissue interfaces (see (2.5)- (2.8)). An initial spatial dependent temperature is also considered (see (2.9)).
 Inner surface of 1 st layer ( )
The parameters in equations (2.3) and (2.4) can be chosen in order to obtain Dirichlet, Neumann and Robin boundary conditions.
Solution methodology
To obtain the dimensionless bioheat transfer equation the following relations are introduced:
where the initial reference temperature is given by
Thus, one can obtain the following equation: with
To solve (2.12) by the method of separation of variables, the solution of this nonhomogeneous equation is decomposed in two components as follows:
( ) ̅ ( ) ̂ ( ) ( ) where ̅ ( ) and ̂ ( ) are the transient (homogeneous) and steady state (nonhomogeneous) components, respectively. Note that this analytical method works for linear and homogeneous equations with constant coefficients (see (2.17) ). Thus, we have
Boundary and initial conditions to the transient and steady-state problems
The boundary and initial conditions to the transient and steady-state equations (see (2.17) and (2.18)) can be obtained using (2.3)-(2.9) and (2.16) as well as a dimensionless analysis giving In equation (3.3), and are unknown coefficients and ( ) as well as ( ) are modified Bessel functions of the first and second kinds, respectively. Moreover, the order of these modified Bessel functions is denoted by ( ) and given by -1/2, 0 and 1/2 for Cartesian, cylindrical and spherical coordinates, respectively.
One can show in a straightforward manner the following relationship:
Using (2.18), (3.3) and (3.4) as well as the method of variation of parameters the particular integral ( ) is given by
Calculation of the unknown coefficients and
The function ̂ ( ) satisfies a system of equations described by the boundary conditions (2.19b)-(2.24b). This way, the following matricial system is deduced:
( ) where the coefficients of the matrices on the right hand side of (3.6) are presented in Appendix A. To solve this matricial system one can use, e.g., Maple software. 
Eigenvalue problem
One can prove that the transverse eigenfunction ( ) satisfies the orthogonality condition
The proof of (4.7) is given in Appendix B. From (4.4) to (4.6) and the continuity boundary conditions (see (2.21a)-(2.24a)), one can show and √ ( )
To determine the eigenvalues a system of equations is defined using the boundary conditions (2.19a)-(2.24a) and equations (4.4)-(4.6). To obtain solutions other than the trivial solution, one must impose
( ) The coefficients of this determinant can be found in Appendix A. To calculate the eigenvalues the complex Newton method is used. The roots number of (4.10) is confirmed by the Cauchy's argument principle. To reduce the round-off errors all numerical calculations are made with double precision using Maple software.
Determination of the coefficients and
Using the eigenvalues calculated previously and the continuity boundary conditions to the temperature and heat flow (see (2.23a) and (2.24a)), one can establish the following recurrence formula to calculate the coefficients and : 
Determination of the coefficient
To determine the layer invariant coefficient the initial condition (2.25a) is used giving ∑ ∫ ( ) ( ( ) ̂ ( )) ( ) From (4.9) 2 the eigenvalues can be real and/or complex numbers for a generic problem. Thus, one should consider the real part of ( ) as a final and physically meaningful solution to the biological problem.
To obtain a time evanescent solution to the homogeneous and transient problem for any set of physiological parameters ( and ) and assuming real eigenvalues , we consider as a constant of separation (see (4.1)-(4.6) and (4.9) 2 ). Otherwise, if one chooses as a constant of separation, a different branch structure for the eigenfunctions is obtained. In this case, slightly different forms of these equations are deduced giving (
( ) The transient and homogeneous equation does not include a source term to supply energy for the biological system. Therefore, time evanescent solutions must be obtained. Note that (4.14) is not a time evanescent solution for any set of physiological parameters and .
Results
In this section, we investigate the influence of two spatial heat source terms on temperature distribution in a tumor and healthy tissues.
Polynomial heat source term
To optimize the transient and 1D temperature distribution in the tumor, a spatial dependent heat source term was considered by Bagaria and Johnson [11] . They assumed concentric spherical regions to the tumor and the healthy tissue. Magnetic nanoparticles were contained in the inner region (tumor) to simulate a MFH technique in the cancer treatment with a source term described by the following polynomial equation:
( ) ( ) To compare our results with those presented by Bagaria and Johnson, the following set of parameters is chosen as in [11] In Figure 3 , one can compare the temperature profiles obtained here (denoted by V-solution) with those of Bagaria and Johnson at the time and . The steady-state temperature distributions are also compared. As expected, a good agreement between the temperature profiles is found.
According to [8] the ideal therapeutical temperature values are higher than 42 o C. In the case studied here, one can see that the temperature of a small part of the tumor is not in the ideal therapeutical range. However, the HT technique induces a tumor sensitization effect caused by heat. Thus, one can take advantage of the tumor sensitization to apply other techniques, e.g., radiotherapy, to obtain a higher efficacy in the cancer treatment [1] .
Furthermore, the concept of thermal dose, which includes not only the therapeutic temperature but also the duration of the treatment, is also essential in HT techniques. Some authors stated that significant cell killing can occur if cells are heated to temperatures higher than 42 o C for one hour or more [1, 8] . The presented model also allows a transient analysis of temperature (see Figure 4 ) which can be adapted to the study of thermal dosimetry.
Exponential heat source term
Salloum et al. measured the temperature elevation in the muscle tissue of rat hind limbs induced by intramuscular injections of magnetic nanoparticles during in vivo MFH experiments [17] . Instead of a polynomial distribution, they proposed a Gaussian distribution for the internal source term:
( ) where is a parameter that determines how far nanoparticles spread from the injection site and represents the maximum strength of the volumetric heat generation. These parameters were calculated using an inverse heat transfer analysis and the bioheat equation. As Salloum et al., we choose the following set of parameters:
, , ,
. Note that the subscripts 1 and 2 refer to the muscle tissue with and without nanoparticles, respectively. The nanoparticles index is np and a constant thermal conductivity is taken into account.
Moreover, a homogeneous conical geometry was considered to rat hind limbs in [17] . However, in this work we assume a homogeneous cylindrical geometry. The radius of the inner and outer regions are and , respectively. In this case and . Here, the mass density and the specific heat capacity of the inner region are given by [12] ( ) ( ) ( ) ( ) where is the volume fraction of nanoparticles in the tissue, which is calculated using the data given in [17] .
The boundary conditions to the temperature at the inner and outer surfaces are defined by the following parameters:
. One can show in a straightforward manner the following relationships ( ):
where the function denoted by is the exponential integral,
and ⁄ . From (2.15), (3.5), (5.3), (5.6) and (5.7) the particular integral of the steady state nonhomogeneous problem is deduced giving
where is the digamma function.
In Figure 5 , the steady-state temperature elevation profile derived here is compared with that of Salloum et al. obtained by experimental measurements. The temperature elevation is defined by ( ) ( ̂ ( ) ) ( ) where ̂ ( ) is the dimensional and steady state component of ( ).
Note that the temperature elevation close to the skin surface ( ) is negative. This happens since the air temperature is lower than that of the muscle tissue. A good agreement between the analytical and experimental results is achieved.
The results of Figures 3 and 5 suggest that the temperature distribution associated with the exponential and polynomial heat source terms can be similar for a certain set of parameters (see (5.1) and (5.3)). In order to obtain similar temperature profiles, we recalculate Bagaria's parameters (see (5.1)) since these ones were obtained from a theoretical analysis [11] .
As criteria, we impose here, e.g., that the strength of the volumetric heat generation at and as well as the average power per unit of area ( ) of both heat sources are the same. Using these criteria we have:
, and . This way, one can show that the temperature curves almost coincide for all . From (2.3) and the values of the parameters , and of both source terms, the inner surface boundary conditions are defined such that the temperature is bounded at . Therefore, the coefficients in (3.3) are obtained imposing that the limit of the steady state and nonhomogeneous solutions (see (3.1)) as approaches exists and is finite.
Conclusions
An analytical solution to the Pennes bioheat equation to calculate the heat transfer in a multilayer perfused tissue is deduced. Multilayer regions with 1D Cartesian, cylindrical and spherical symmetric geometries as well as spatial dependent heat source terms are considered. Boundary conditions of first, second and third kinds to the temperature at the inner and outer surfaces can be obtained by an appropriate choice of parameters. A good agreement among the results provided by this analytical solution and those obtained theoretically and experimentally by other authors is achieved. An exponential and a second order polynomial source terms are studied. Some parameters are calculated to obtain similar temperature profiles associated with these source terms (see Section 5) .
It is difficult to achieve an ideal temperature profile within the entire tumor and its surrounding healthy tissue, but a tumor sensitization is always induced during HT. Thus, one can take advantage of the tumor sensitization to apply other techniques, e.g., radiotherapy, in order to obtain a higher efficacy in the cancer treatment. This is the reason why hyperthermia is considered nowadays as an adjuvant cancer therapy.
The presented model allows a spatial and transient analysis of temperature, which can be adapted to the study of thermal dosimetry. Finally, one can conclude that the Pennes bioheat equation is appropriate to model heat transfer in biological systems.
As future work one can model a problem with an inner surface to simulate a hyperthermia catheter immersed in a diseased tissue.
Definition of the coefficients in the equations (3.6) and (4.10)
The coefficients of the matrices on the right hand side of (3.6) are defined by
where the prime symbol denotes differentiation with respect to .
The coefficients of the determinant in (4.10) are given by ̅ ( 
